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A PROBLEM WITH INTEGRAL CONDITION FOR THE SEKOND-
ORDER PARABOLIC-HYPERBOLIC TYPE DIFFERENTIAL EQUATION

3AITAUYVM C MUHTETPAJIBHBIM YCJIOBVEM JI51 YPABHEHUM
ITAPABOJIO-TUIIEPBOJIMYECKOTI'O TUIIA BTOPOI'O ITOPJIIKA

Annotation

In the present paper, a problem with an integral condition for a model second-
order parabolic-hyperbolic equation has been considered. The unique solvability of
the problem has been proved using the theory of integral equations.

Annotatsiya

Ushbu maqolada ikkinchi tartibli parabola-giperbolik tipdagi model tenglama
uchun integral shartli masala qaralgan. Masalaning bir giymatli yechilishi integral
tenglamalar nazariyasi yordamida isbotlangan.

AHHOTaMA

B maHHOV cTaThe paccMaTpmBaeTcs 3afayull C MHTeIpPaJIbHBIM yCIIOBVEM IS
MOJIeJIbHOTO ypaBHeHUN Iapabosio-TniepOoInueckoro Tuila BTOPOro IOpsiKa.
ITocTaBiieHHBIX 3a/ad JI0Ka3aHa OIHO3HAUYOW PaspelIMOCTU C VCIOJIb30BaHVeM

TEOPUU VMHTETPaJIbHBIX ypaBHeHT/IVI.
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Parabolo-giperbolik tenglama, Furye tenglamasi, Dalamber tenglamasi,
integral shart, Volterra integral tenglamasi, Abel integral tenglamasi.

Kirouesrle cjioBa

YpasHeHue mnapabosio-ruriepbormmyeckoro, ypasHeHme @Dypbe, ypaBHeHUe
HamamOepa, wHTerpajibHOe YCJIOBUME, WHTerpaJlbHOe YypaBHeHUs BoibTeppa,
MHTerpajbHOe ypaBHeHVe ADesIs.

Kirish: Aralash tipdagi tenglamalarni o‘rganish XX asrning o‘rtalaridan
boshlangan bo‘lib, bunday tenglamalar uchun respublikamiz va xorijiy olimlar
tomonidan masalalar qo’yilgan va tadqiq qgilingan. Hozirda ham aralash tipdagi
tenglamalar uchun turli masalalarni o‘rganish jadal rivojlanmoqda. Ayniqgsa,
xususiy hosilali differensial tenglamalar uchun integral shartli masalalarni
o’rganishga tadqgiqotchilar tomonidan tobora qizigish ortib bormoqda. Dastlab
Dj.Kennon, L.I.Kamninlar tomonidan birinchi tur integral shartli masalalar,
ikkinchi tur integral shartli masala esa D.G.Gordeziani va G.A.Avalishnili hamda
boshqa tadgiqotchilar tomonidan tadqiq qilgan. Ikkinchi tartibli aralash tipdagi
tenglamalar uchun integral shartli masalalarni esa A.Q.O’rinov, Q.S.Xalilov,
Sh.T.Nishonova, A.O.Mamanazarov hamda boshqgalar tomonidan o‘rganilgan.

XOy tekisligining X=0,y=1,Xx=1 to’g’ri chiziglar hamda tor tebranish
tenglamasining X+ Yy =0, X—y=1 xarakteristikalari bilan chegaralangan chekli

sohani D deb va wushbu D,=[Dn(y>0)]UAB, D,=Dn(y<0),
AB = {( X, 0) 0<x< 1}, AE = {(X, y):y=—Xx0<x< %} belgilashlarni kiritaylik.

Ushbu
o:{uxx -u,, (x,y)eD, (xy)eD =Dn(y>0),

-, (03)<D,  (Y)<D,=DA(Y <O 0

tenglama uchun D sohada quyidagi masalani o’rganamiz. D, sohada (1)
tenglama parobolik tipga, D, sohada esa giperbolik tipga tegishli, D, =D M ( y= O)
chiziq esa tip o’zgarish chizig’i va tenglamaning xarakteristikasi bo‘ladi.

1-masala. Shunday u(x,y)eC ( [_)) N Cf; (D) nyy (D,) funksiya topilsinki,

u D,va D, sohada (1) tenglamani regulyar yechimi hamda
1
u(O,y):ju(x,y)dx+M(y), 0<y<i; )
0

u@y)=s,(y), 0<y<i; (3)
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u(x,—x)=w(x), OSys%; (4)
XILrp(Juy(x,y)leirI%uy(x,y), O<x<1 (5)

shartlarni qanoatlantirsin, bu yerda z4(Y),4,(Y),w(X) - berilgan yetarlicha
silliq funksiyalar bo’lib, y(0) = z4(0).

Quyidagi teorema o’rinli.

Teorema. Faraz qilaylik, y(X)e cl[o, %] AC? (o, %) 1w (Y), 1, (y) eC[0,1].

U holda 1-masala yagona yechimga ega bo‘ladi.
Isbot. Aytaylik, u(X,y) funksiya qo’yilgan masalaning yechimi bo‘lsin. Masala

shartiga asoslanib, u(x, y) eC([_)) ekanligini e’tiborga olib, quyidagi belgilash va

farazlarni kiritaylik:

u(x,+0)=u(x-0)=7(x), 0<x<I
yILrPouy(X’y):y'LrI‘OUy(X’y)w(X), 0<x<1. (6)

Faraz qilaylik, Z'(X) eC [O,l] N C? (0,1) , V(X) IS Cl(O,l) M L(O,l) . U holda,

u (X, y) funksiya D, sohada, u, —u, =0 tenglama uchun qo’yilgan Koshi
masalasining yechimi [7]:

r(x+y)+z(x-y) !

2 2

korinishda yoziladi.

X+y

[ v(¢)de 7)

u(x,y)=

(7) formuladan u (X, y) funksiyani (4) shartga bo’ysundirsak,

7(0) +7(2x) — [ v(£)dE = 2p(x)

0
kelib chiqadi. Oxirgi tenglikda 2x=ze€ [0,1] belgilash kiritib, z o'zgaruvchi
bo’yicha hosila hisoblaymiz. So'ngra z ni X ga ekvivalent almashtirib D, sohada

7(x) va v(X) no’malum funksiyalar o'rtasidagi

v(X):r'(X)—l//’(%), O<x<1l (8)

asosiy funksional munosabatga ega bo’lamiz.

D, sohada noma’lum funksiya u(X,y)eC ( [_)) va U,(x,y)eC(D) ekanligini
e’tiborga olib, (1) tenglama va (2), (3) chegaraviy shartlardan y —+0 da limitga

o'tsak,
"(X)—v(x)=0, 0O<x<1; 9)
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1

7(0)=[7(x)dx+44(0), 7(1)= 11,(0) (10)

0

hosil bo‘ladi.
(8) dan V(X) funksiyani (9) olib borib qo‘ysak, T(X) noma’lum funksiyaga

nisbatan oddiy differensial tenglamaga ega bo‘lamiz:
7"(X) - 7'(X) :_W'(%), 0<x<1. (11)

Oxirgi oddiy differensial tenglamaning umumiy yechimini differensial
tenglamalar nazariyasidan ma’lum usul yordamida aniqlab, so'ngra (10) shartga

bo“ysundirsak, no‘malum T(X) funksiyani
2 X i —t t X i t
T(X):ﬂ2(0)+2—_e|:e(2_e )_([e W(E]dt—(e—e )_([W(Ejdt}_

—2exje“w(%j dt— 4 (0)e+ 24 (0)e* (12)

korinishda bir giymatli topiladi.

Noma'lum 7(X) funksiya (12) formula bilan topilgandan so'ng v(x) funksiya
esa (8) formula orqali aniglanadi. Natijada D, sohada 1-masalaning yechimi (7)
formula bilan topiladi. Bundan esa qo’yilgan 1-masala D, sohada quyidagi

masalaga keladi.
2-masala. D, sohada bir jinsli

U, —u, =0 (13)

issiglik tarqalish tenglamasining (2), (3) va u (X, 0) = T(X), 0 < x<1 shartlarni
qanoatlantiruvchi yechimi topilsin, bu yerda T(X) funksiya (12) formula orqali
aniglanadi.

Endi 2-masalaning bir qiymatli yechilishini tadqiq qilaylik. Aytaylik, u(x,y)
funksiya 2-masalaning yechimi hamda u (0, y) =u(y), 0<y<1; ,u( y) eC [O,l]
bo’lsin. U holda (13) tenglama uchun ushbu

u(x,0)=7(x), 0<x<1, u(0,y)=pu(y), 0<y<1, u(lLy)=(y),0<y<1

birinchi chegaraviy masalaga ega bo'lamiz, bu yerda u(y) noma’lum
funksiya. Xususiy hosilali differensial tenglamalar nazariyasiga ko‘ra D, sohada
issiglik tarqalish tenglamasi birinchi chegaraviy masalaning yechimi u (X, y)

funksiya

u(x,y) = Ir(:f)G(x, y;£,0)d& +
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+[ 1(m)G (%, y;0,7)dn = [ 11, ()G (x, y:L7)dny (14)

korinishda bo‘ladi, bu yerda

_ 1 & (x—&+2n) (x+&+2n)’
G(X,Y;&,77) = ——e - —exp| - .
Y o nzlz{exp[ y-n) } exp[ Ay-n) }}

(15)
Issiglik tarqalish tenglamasi uchun birinchi chegaraviy masalaning yechimi

u (X, y) tunksiya korinishi (14) formulani (3) shartga bo’ysundirsak,

,[ _[ (&)G(x,y;¢, 0)d§+I# )G, (X, y;0,m)dn — J.qu(n)G (X, ylﬂ)dﬂ}dx+

0L0
+4(y) = p(y) (16)
hosil bo‘ladi. Oxirgi tenglikda belgilash kiritib, so’'ngra integrallash tartibini
o’zgartirsak,
y 1
u(y) - [ 1(m)dn[G,(x,y;:0,mdx=g(y), y[01], (17)
0 0

kelib chigadi, bu yerda
g(y)—j{j (£)G(x,y;£,0)dé - juz G(Xyln)dn}dﬂﬂl(y)

010

oG oG

So‘ngra, — = _8_ ekanligini e’tiborga olib[**],
X

(18)

[G.0x, y:0.max= —ﬁ Ky (Y1)

ega bo’lamiz, bu yerda
(x=¢&-2n)’ (x+&-2n)
SR EN =G s { X'{ av-n |7 e ||

(2n)2 y _ﬁ
e Z{ { 4(y—77)}e '{ (y—ﬂ)}} 1)

(18) tenghkm inobatga olsak, u holda (17) munosabat quyidagi

ju K.(y.7)dp=g(y), 0<y<l.  (20)

korinishga keladi, bu yerda
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K (o) ==y =m)] 7+ Ko ().

(20) ifoda noma’lum u(y) funksiyaga nisbatan 2-tur Volterra integral

tenglamasi bo’lib, uning K, ( Y, 77) yadrosi kuchsiz maxsuslikka ega.

Shunday qilib, quyidagi funksiya
1 y
{ [7(£)60x y;:£,0)dé - [ 11, ()G (x, y;l,n)dﬂ}dx
0

0

D, sohada U, —u,=0  tenglamaning wuzluksiz = yechimi  bo'lib,

U(X,O)zr(X), Xe[O,l] ;U(O, y):O, u(l, y)=,u2(y), ye[O,l] shartlarni
ganoatlantirganligi sababli (20) tenglamaning o’ng tomonidagi ¢ ( y) funksiya ham
[O,l] kesmada uzluksizdir. Bundan kelib chigadiki, (20) tenglama Volterra integral

tenglamalari nazariyasiga ko'ra, [O,l] kesmada yagona uzluksiz y(y) yechimga
ega bo’ladi.

So'ngra, (20) tenglamadan topilgan noma’lum ,u(y) funksiyani (14) tenglikka
qo'yib 2-masalaning yechimini topamiz. Shuni ta‘kidlash kerakki, 2-masala
yechimining yagonaligi birinchi chegaraviy masala yechimining yagonaligi va (20)
integral tenglamadan kelib chiqadi. Teorema isbotlandi.
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