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Ob EAMHCTBEHHOCTW PEIIEHV 3AJAYM C PA3PbIBHbBIM
YCJIIOBUEM COIIPSIDKEHWMS HA JINMHUW MSMEHEHWMS TUITA OJ151
DJUINITTUKO-TUITEPBOJIMYECKOI'O YPABHEHWI

ON THE UNIQUENESS OF THE SOLUTION TO A PROBLEM WITH A
DISCONTINUOUS GLUING CONDITION ON THE TYPE-CHANGING LINE
FOR AN ELLIPTIC-HYPERBOLIC EQUATION

Annotatsiya

Ushbu magqolada elliptiko-giperbolik tipdagi tenglama uchun bir chegaraviy
masalaning bir qiymatli yechimi o‘rganilgan. Tadqiqotning maqsadi berilgan
aralash tipdagi tenglama wuchun yechimning mavjudligi va yagonaligini
ko'rsatishdan iborat. Masala yechimining yagonaligi integral energiyalar usulida,
mavjudligi esa integral tenglamalar nazariyasi yordamida yechilgan.

AHHOTanMsA

B manHOM cTaThe McCiIeOBaHO eIVMHCTBEHHOe pellleHle KpaeBoVl 3aJaun 11
nuddepeHINATIBHOIO ypaBHEHMS 3JUIMHOTUKO-rMIepOomueckoro Tumna. Llesb
VICCIIETOBaHMS 3aK/IIOYaeTCs B JI0Ka3aTesIbCTBe CYIyCTBOBaHMSA VI €IVIHCTBeHHOCTM
pellleHys I JaHHOTO ypaBHeHMs CMeIIaHHOIO TuIla. EAVHCTBeHHOCTD pelleHns
JIOKa3bIBaeTCsd C IIPMMEHeHMeM MeToJa WHTerpajlbHbIX SHEepPruii, Torga Kak
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CyllleCTBOBaHMe pellleHns OOOCHOBBIBaeTCd IIOCPEICTBOM METOHOB TeopuUn
VIHTETpaJIbHBIX YPpaBHEHMIL.

Abstract

In this paper, the unique solution of a boundary value problem for a
differential equation of elliptic-hyperbolic type is studied. The purpose of the
research is to demonstrate the existence and uniqueness of the solution for the
given mixed-type equation. The uniqueness of the solution is proved by employing
the integral energy method, whereas the existence is justified using techniques
from the theory of integral equations.

Kalit so’zlar: Gauss-Ostragradskiy formulasi, Grin funksiyasi, Fredgolm
integral tenglamasi va xossalari, Bessel funksiyasi.

KiroueBbie cioBa: ¢dopmyna Iaycca-Octporpanckoro, dyHxkumsa I'puna,
MHTerpajbHOe ypaBHeHVe DperobMa u ero cBovcTBa, PpyHKIms beccers.

Key words: Gauss-Ostrogradsky formula, Green’s function Fredholm
integral equation and its properties, Bessel function.

Ushbu magqolada elliptik-giperbolik tipdagi tenglamaning elliptik va
giperbolik sohalarida chegaraviy shart hamda tip o'zgarish chizig'iga
u, (x,+0) =-u, (x,-0) + B (X) uzlukli ulash sharti berilib, bu boshga ishlardan
farqlidir.

Bu masalada tip o’zgarish chizig’i xarakteristikaligi bilan muhim ahamiyatga
ega. Bunday shartli masala birinchi bo’lib ushbu maqolada o’rganilgan.

Tadqiqot natijalari shuni ko‘rsatadiki, elliptiko-giperbolik tipdagi tenglama
uchun chegaraviy masalaning yagona yechimi mavjud ekanligini ko’rsatish
uchun maslani integral tenglamaga keltirish, yadro funksiyasining uzluksizligi
va chegaralanganligini isbotlash va Fredgolm alternativasidan foydalanish aniq
va ishonchli natija beradi.

XOy tekisligida Q=0Q,UABUQ, sohani  qaraylik. = Bu  yerda

Q, ={(x,y): x> +y* <1, y>0}, AB ={(x,y):-1<x<1,y=0},
Q ={(x,y):-1<x<1, —h<y<0}, h=const>0. D, masala. Q sohada
quyidagi masalani o‘rganamiz:

Shunday U(X,Y) funksiya topilsinki, u © sohada ushbu

Lu=u, +u,, (XYy)eQy,
Eu=u, +4u, (x,y)eQ

(1)

tenglamani va quyidagi shartlarni ganoatlantirsin:
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1) u(x,y) €C(Q), u,, eC(), u,,u, eC(Q);

2) u(x,y)| =w(xy),
(2)

u(-1y) =o(y), (3)

u, (x,+0) = -u,(x,—0) + B(x). (4)

Bu yerda f (X) , o(y) va w(Xy) berilgan yetarlicha silliq funksiyalar,
o={(x,y):x*+y*=1y>0}.

Quyidagi belgilashlarni kiritaylik:

u(x,0)=7(x), -1<x<1, (5)

u,(x,0)=v(x), -1<x<L1. (6)

1-teorema. Agar A>0 bo’lsa, D, masala bittadan ortiq yechimga ega
bo’lmaydi.

Isbot. Faraz gilaylik, masalaning yechimi ikkita bo‘lsin va ularning ayirmasini
u(x,y)=u,(xy)—U,(xy) orqali belgilaylik, u holda w(x,y)=¢(y)=0 bo'ladi.
Q, sohada u(x,y) funksiya tenglamaning yechimi ekanligidan foydalanib,

u(x,y) funksiyani (1) tenglamaga ko‘paytirib, quyidagi divergent ko'rinishga
keltirib olamiz:

L[[uf +u? Jdxdy = J;;[[(uxu)x + (uyu)y}dxdy. (7)

(7) tenglamada Grin-Ostragradskiy formulasidan foydalanib, soha bo’yicha

integralni soha chegara bo‘yicha integralga o‘tkazib, (5), (6) berilganlarni e’tiborga
olsak, ushbu

] (u? +u)dxdy +jf(x)v(x)dx =0 8)

tenglikni hosil gilamiz.
Ma'lumki, €, sohada u,, +Au=0 tenglamaning u(x, 0) = T(X) va

U(O, y) =@(y) shartlarni qanoatlantiruvchi yechimi [1] ushbu
u(x,y):r(x)+¢(y)—¢(0)30[21//1y(x+1)J—
~2y[ (@) I 22— 8) |d¢ + 20+ ) o) T, 2A(x+1)(y ~n) [d

ko’rinishda bo‘ladi. (9) dan y boyicha hosila olib, quyidagi

©)
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u, (x,y)=¢(y)+ 20(0)(x+1)3,[ 22y (x+1) |- zj )3, 22y (x=¢) |ds -

—/l(x+1)go(y)+@Igp(nﬁz[2\//1(x+1)(y—77)}d77

tenglikni hosil gilamiz. (6) belgilashdan foydalanib, hamda Yy — 0da hisoblab,
soddalashtirsak €, sohadan ushbu

v(X)=A[7(£)dE - '(0) (10)
funksion_;l munosabatni olamiz. Endi ¢(y)=0 ekanligidan esa
v(X)= 2] r(£)de (10%

tenglik k_ellib chiqadi.

Endi (10*) tenglikdan foydalanib, quyidagi tenglikni hosil gilamiz:

1 1 X
[r(x)v(x)dx =2 [ r(x)dx [ z(£)d¢& .
-1 -1 -1

Ushbu

() rlepe=22 fe(epe |

tenglikni e’tiborga olsak, oxirgi tenglikdan quyidagiga ega bo’lamiz:

1

J r(X)v(x)dx—ﬁ&Ur@)df} dx—%ﬁf(f)df} an

-1

(11) tenglikka asosan, (8) ifoda ushbu
1 2
2 2 /1
JJIC +uy)dxdy+5{ | r(f)dg&} =0 (12)
D -1
ko’rinishni oladi.
A >0 bo’lganda —{J.T(f)d 5} =0 ifoda musbat bo‘ladi. Buni inobatga olsak

(12) tenglikdan u, =0 va U, =0 ekanligi kelib chigadi. Demak, Q,sohada u(X,y)
funksiya o’zgarmas ekan. Qo sohada u(x, y)|g =0va u(x,y)eC (ﬁo) ekanligidan
u(x,y) =0, (x,y) €(Q3) bo’ladi. Q; sohada esa Gursa masalasining yechimi yagona
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ekanligidan va T(X) =0 bo'lishidan u(x,y)=0, (X,y) () bo’ladi. Bundan esa
masala yechimi €2 sohada mavjud bo’lsa, u yagona ekanligi kelib chiqadi.
D,masala yechimining mavjudligi. Ma'lumki, €2, sohada Laplas

tenglamasining (2) va (6) shartlarni qanoatlantiruvchi yechimi quyidagi ko‘rinishda
bo‘ladi [2]:

u(xy)j G(&,0;% y)dé - me G(&mx0)ds.  (13)

(13)— (1) tenglamaning €, sohada (2) shartni qanoatlantiruvchi yechimi
formulasidir. Bu yerda S — 0y egri chiziq yoyi uzunligi, N— ichki normal,
G(f,n;x, y) esa Grin funksiyasi. (13) tenglikda y—>+0 da limitga o’tib, va
)!iﬂ]ou* (X,y) =7(x) tenglikdan foydalanib, quyidagi ifodani topamiz:

r(x)zjv(ﬁ)G(g,O;x,O)d§+¢l(x), (14)

buyerda ¢ (X)= —Iw(é,n)@%G(f,n;x,O)ds

y=0
(14) tenglikda G(¢&,0;%,0) Grin funksiyasini hisoblab, €, sohada T(X) va
1% ( X ) funksiyalar orasidagi

r(x)=%jl[ln|x—t|—|n(1—xt)]v(t)dt+¢1(x) (15)

funksional munosabatni olamiz.

Endi (4) shartdan foydalanib topilgan 2, sohadagi Z'(X), 1% (X)funksiyalar
orasidagi ushbu

v(X) = A[ 7(£)dE - p'(0) + B(X)
-1
funksional munosabatni hisobga olib, quyidagi tenglikka ega bo‘lamiz:
) 1 X
7(X) = ;j[ln x—t|—In(1- xt)]{ij 7(£)dé —9'(0) + ,B(x)} dt+ ¢, (X). (16)
-1 -1
(16) ifodada integrallash tartibini almashtirib, quyidagiga ega bo‘lamiz:

7(X) —% j r(£)dé j [In]x—t|~In(L—xt) ]dt =, (x), (17)
% g

556



U SA @ AMERICAN JOURNAL OF MULTIDISCIPLINARY BULLETIN

ISSN: 2996-511X (online) | ResearchBib (IF) =9.512 IMPACT FACTOR
Volume-3| Issue-11| 2025 Published: |30-12-2025|

bu yerda ¢,(X)= [ﬁ(x)

_0'(0)] 2

7)) _[[In|x—t|—|n(1—xt)]dt +,(X) .
a 1
(17) - Fredgolm integral tenglamasi bo’lib, uning yadrosi

1L

K(x,&)=—1| In|x—=t|=In(1-xt) |dt

(x&)= [ -In(-x)]
korinishda aniglanadi. Uni quyidagi ko’rinishda yozib olamiz

K(x,f):% _X[In(x—t)dt+Jl‘ln(t—x)dt—.lfln(l—xt)dt :

K (X, & ) yadroning ko'rinishini soddalashtiraylik. Dastlab, I In ( X — t) dt

$
integralni qarab, Xx—t=s belgilash kiritamiz va limsins=0 tenglikni inobatga

s—0
olib, ushbu

x-¢
'[ In sds :(slns—s)|;_§ =(x=¢&)In(x=&)-(x=¢)
0
tenglikka ega bo'lamiz.
1
jln (t - X) dt integral uchun t — x = s almashtirish bajarib, quyidagi
1-x

! Insds =(sIns —s)|;_X =(1-x)In(1-x)-(1-x)

ifodaga ega bo‘lamiz.

1
j In(1-xt)dt integralda 1—xt=s deb belgilaymiz, so'ng
S

1-x _ _ _ _
1 j Insds:(slns—s)r—X _ X)In(l—x)—(1 JIC X‘/’?)In(l—x(f)+(1 x)
X1 e e X X X X
tenglikka ega bolamiz.

Demak, K(x,&) yadro quyidagi ko’rinishda bo‘ladi:
K(x,&) :%[(x—&)ln(x—§)—(x—§)+(l— x)In(1-x)—(1-x)+

+Mln(l— X)— (1-x) — (1-x¢) In(1-x&)+ (- Xé)}.

X X X X

(18)
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1
K(x,&) ifodada = ko'paytuvchi ishtirok etgan ifoda Xx=0 nuqtada
X

aniglanmagan bo‘lishi mumkin. Biroq, —-1<x<1, —1<&<1 ekanligini hisobga

olib, x>0 da  —(In(L-x)-In(1-x£))==In

( 17X J ifodaning limitini tahlil
X X

qilamiz.
Endi, ushbu
lim InL—x)—In(L—x&)

x—0 X

limitni hisoblashda Lopital qoidasini qo‘llab, limitni nol ekanligini topamiz.

x=¢ nuqtada K(x,&) yadrodagi (x—¢&)In(x—¢) ifoda aniglanmagan
bo‘lishi mumkin. Shuning uchun Iirrg ( X—¢& ) In ( X—¢& ) ni tekshiramiz. Iirr)l sins=0
ekanligidan Iirr;(x - ) In (X - ) =0 ekanligini topamiz.

x=1 nuqtada ham K(X,&) yadrodagi (1-x)In(1-x) ifoda uchun xuddi
yuqoridagi kabi ishlar bajariladi va ifodaning limiti nolga teng bo‘lad.i.

Demak, K (X,f) yadroning barcha hadlari X e [—1,1] , C€ [—1,1] da uzluksiz

va chegaralangan.
Shunday qilib, berilgan masala uchun integral tenglama quyidagi ko‘rinishda

yoziladi:
/1 1
7)== [K(XE)(E)dE =,(9). (19)
-1
A_1 NNV
Agar (19) tenglamada — < M bolsa, yagona 7(X) yechimi mavjud bo‘ladi.
T

Bizdagi K(x,&) funksiyaning —1<x<1, —1<£<1 oraliqdagi max| K(x, §)| =2

ekanligidan, ﬂ.| <% bo‘ladi.

(19) ga mos bir jinsli integral tenglamaga faqgat trivial yechimga ega bo‘lgan bir
jinsli

u(x,y)| =0

u(-1y)=0

masala mos keladi. Ular ekvivalent bo‘lganligi uchun (19) ga mos bir jinsli

(20)

integral tenglama ham faqat trivial yechimga ega bo‘ladi. Unda Fredgolm
alternativasiga asosan (19) bir jinsli bo’lmagan integral tenglama yagona yechimga
ega bo’ladi.
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Endi (0(5,77) :77“(00(5,77) tenglikga ko'ra, (ol(x) funksiyani

L(1_ g2\
0.(x)==(1-x)] L&) ae)d (21)

Vs ° X? —2xE+1
ko‘rinishda bo’ladi, bu yerda ¢, (f ) =y, (5 1-E&° )

Bu funksiyaning (—11) oraliq hamda uning chetki nuqtalaridagi xossalarini
keltiramiz. (21) tenglikdan gol(x) funksiya Xe(—l,l) oraligda ixtiyoriy tartibli

uzluksiz hosilalarga ega ega va X—>1va X— -1 da bir xil ko’rinishda bo‘ladi.
Shuning uchun X —1 da o’rganish kifoya.

Shu sababli (21) tenglikdagi (—11) oraligda &=-1+2¢ almashtirish
bajariladi va (pl(X) funksiyani quyidagicha

o (a-1)/2 4x N

yozish mumkin. Bu yerda D({)=0,(-1+27).

Bu ifodani X bo‘yicha differensiallab, so’ngra o'rta qiymat haqgidagi teoremani

qo’llaymiz va quyidagi ko‘rinishda yozib olamiz:

()= 2 <I>(4.1)I [ca-o1" ){ (1“)2 } d¢+

1 a+2 (1 )2 -4 (a+)I2 (4 _ ~\(a-1)/2
#2710 (14 %) q)((z)!é” 1-¢) { o X)z } d¢

bu yerda ¢, ¢,- (0,1) oraliqdagi tayin sonlar.

F (a, b,c; X) Gaussning gipergeometrik funksiyasidan foydalanib

Fab,eix)=——&) ety 1oty dt

r(b)T(c—b)1
o, ( X)ni quyidagi ko’rinishda yozib olamiz:

oy L e g [(a+1)/2]
#(x)=- T () T(a+1)

xF|l|(a+1) /21 a+], ax +
(1+ x)?

T[(c+3)/2]T[(cx +1)/2]
T(a+2)

(1+X)?x

. @)
+

=277 0(¢)) (1= X2 (1+X)“ x
T

xF((a+3)/2,2,a+2; A Zj.
(1+x)
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a>1 Dbolganligi uchun (22) ifodadagi birinchi qo’shiluvchi X —>1 da
chegaralangan. F(a,b,c;x) funksiya uchun avtotransformatsiya formulasidan

foydalanib (22) ifodadagi ikkinchi qo’shiluvchi ham X —1 da chegaralangan.
Demalk, gol'(x)funksiya X =1 da chegaralangan.

Yuqoridagi mulohazalardan kelib chiqadiki, (pl(X)eC[—l,l]ﬁOo (—1,1) va
o, (X) funksiya X — £l da chegaralangan. Demak, ikkita uzluksiz funksiyaning
yig‘indisi ham uzluksiz ekanligidan ¢,(X) €C [—l, l] bo’ladi [2].

2-teorema. Agar l//(X, y) eC’ (QO) NC? (QO ) , (p( y) eC! [—l, O] va
p (X) eC [—1, 1] bo‘lsa, masala yechimi mavjud bo’ladi.

XULOSA

Ushbu tadqgiqotda elliptiko-giperbolik tipdagi tenglama wuchun berilgan
chegaraviy masala o‘rganildi. Masala Fredgolmning ikkinchi tur integral
tenglamasiga keltirilib, integral tenglamaning yadrosi tahlil qilindi hamda masala
yechimining mavjudligi va yagonaligi korsatildi. Olingan natijalar aralash tipdagi
differensial tenglamalar nazariyasini yanada rivojlantirishda va fizik modellarni
tahlil gilishda qo’llanilishi mumkin.
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