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Annotatsiya
Mazkur ishda yadrosida Bessel funksiyasi qatnashgan Riman-Liuvil
operatorni o'z ichiga oluvchi bir oddiy differensial tenglama uchun chegaraviy

masala yechimining mavjudligi va yagonalini isbotlangan.

KPAEBASI 3ATTAUA TTPOCTOTO OU®PEPEHIIMAJIBHOTO
YPABHEHMSI C OIIEPATOPOM PUMAHA-JINYBWIIS, COOEPKAIIIVMM B
SIIPE ®VHKIIMIO BECCETIS

AHHOTAIMA

JloKa3aHO cCyllecTBOBaHMe W eOVHCTBEHHOCTb pelleHNsl KpaeBol 3ajadn
IpocToro AnddepeHIIaJIbHOIO ypaBHEHMs, comepxXKalero orepatop PrumMaHa-
JInyBuiuis ¢ aapoM, BKIoYaroInuM dyHKmio beccernsa

BOUNDARY VALUE PROBLEM FOR AN ORDINARY DIFFERENTIAL
EQUATION CONTAINING THE GENERELIZED RIEMANN-LIOUVILLE
FRACTIONAL OPERATOR WITH A KERNEL INVOLVING THE BESSEL

FUNCTION

Annotation
The existence and uniqueness of the solution to the boundary value problem
for an ordinary differential equation containing the Riemann-Liouville operator

with a kernel involving the Bessel function have been proven.
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Kalit so‘zlar

Riman-Liuvill integro-differensial operatori, chegaraviy masala, ketma-ket
yaqinlashishlar usuli.

Knrouesrpie cj10Ba

VaTerpo-nuddepertianeubin - onepatop Pumana-JInysns, KpaeBas
3aJTava , MeTOJ, ITOCIIeIOBATEITbHBIX ITPVOIVDKEHW.

Key words

Riemann-Liouville integro-differential operator, boundary value problem,
method of successive approximations.

1. Kirish. So'nggi vaqtlarda tadqiqotchilar tomonidan kasr tartibli integral va
differensial operatorlar va ular ishtirok etgan tenglamalarni o‘rganishga bo’lgan
qiziqish ortdi. Buni bir tomondan matematika fanining ichki ehtiyoji sifatida
izohlansa, ikkinchi tomondan fan va texnikaning turli muammolarini matematik
modellashtirishda shunday operatorlar ishtirok etgan tenglamalar hosil bo’lishi

bilan izohlash mumkin [1],[2],[3]. Bu yo'nalishdagi tadqiqotlar turli
yo'nalishlarda rivojlanib bormoqda. Dastlabki tadqiqotlarda asosan Riman-Liuvill
va Kaputo ma’nosidagi kasr tartibli integro-differensial operatorlar qaralgan bo‘lsa

[4]—[8], so'nggi vaqtlarda ularning turli umumlashmalarini o‘rganishga bo’lgan
qizigish ortdi [9],[10],[11]. Ushbu maqolada biz yadrosida Bessel funksiyasi

gatnashgan umumlashgan Riman-Liuvill operatorini o'z ichiga oluvchi oddiy
differensial tenglama uchun chegaraviy masalasini bayon qilib, uning bir qiymatli
yechilishini isbotlaymiz.

2. Masalaning qo’yilishi. Ushbu tenglamani qaraylik:
[HE5 oy -+ 252 oy + Asiany(9 = £, xe(T.T),

2
(1)
bu yerda
_ 1, agar x>0 bo'lsa
signx =
-1, agar x<0 bo'lsa

signx funksiya ko’rinishini e’tiborga olib, (1) tenglamani quyidagi
0 Dy y(x)+Ay(x), 0<x<T
X)=
D y(x)-Ay(x), —-T<x<0

ko'rinishda ham yozish mumkin, bu yerda Y(X) - noma’lum funksiya, f(X)-

(2)

berilgan funksiya, «,y,A,T lar esa berilgan haqiqiy sonlar bo'lib, 3<a <4 ,T >0

721



U S A % AMERICAN JOURNAL OF EDUCATION AND LEARNING
ISSN: 2996-5128 (online) | ResearchBib (IF) = 9.918 IMPACT FACTOR

s Volume-2| Issue-5| 2024 Published: |30-12-2024 |

SCIENTIFIC JOURNALS

D;” va D lar esa differensial operatorlar bo’lib, ushbu munosabatlar

bilan aniqlanadi[11]:
Do y(x) = %wz lox“7Y(X), (3)
ry00 = Loa | 150ry00 @
y(X)= e, 74| L™ y(x),
127 y(X) = —— t)7 3 (52 t)]y(t)dt, 5
y(x) (ﬂ)j(x )13 ey (X = 1]Y(1) (5)
Wy(x)——j(t X)’* 3 (puely (t=X)Ty @)t (6)

I'(8)5
J.(z) —Bessel-Kliford funksiyasi bo'lib, quyidagi tenglik bilan aniqlanadi[11]:

J () =T+ (z/2)"3,(2)= Z(kl)(‘EZJr/S)

(z), —Poxgammer belgisi, I'(X)—Eylerning gamma funksiyasi [12], J (X)—

(7)

birinchi tur Bessel funksiyasi [13].
D& y(x) va 1/7y(X) operatorlar [11] ishda kiritilgan va ularning xossalari

o‘rganilgan bolib, ular mos holda Riman-Liuvill ma’nosidagi kasr tartibli
differensial va integral operatorlarining umumlashmasidir.

(1) tenglama uchun quyidagi masalani o’rganamiz:
1-masala. (1) tenglamani va ushbu
limlg“”y(x)=B,, Ilmil“‘”y(x):Bg,
x—a x—a X (8)
XILmaljoayy(x) B,, XILma%|foa7Y(X):B4
chegaraviy shartlarni hamda quyidagi
lim 15,7 y() = lim 14,57 y(x),
. d 4—ay L d 4—ay
Xlljpo&lm y(x)—xlgrpoalxo y(x), o)
li d? 2 || 4ar =1 d* 2 || 4y
Iml gz 77 [l YO =limi 7+ 77 1™y (%),
d(d? » d( d? »
XILrD)&(dX2+ jl“ y(x)_llmd—[F+ JI“ y(X)
ulash shartlarini qanoatlantiruvchi y(X) funksiya topilsin, bu yerda

B,,B,,B;, B, —berilgan haqiqiy sonlar.
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Masalaning tadqiqoti. Masala shartlariga asoslanib, quyidagi
belgilashni kiritaylik:

lim I3 *7y(X) = lim 1527y(x) = A,

im S15.77y0 = im S 157y = A,

Xx—+0 dX

. d2 2 4—a,y - d2 2 4—a,y
lim) 7 +7° [lo7y0) = lim| —7+ 7% [1"7y(X) = A,

x—>+0| dx

x—>+0 dx

d( d? d( d?
lim — isd _Im S sl A,
T 0 PP v

bu yerda A, A,, A;, A, —hozircha noma’lum sonlar.

Agar bu noma’lumlarni vaqtincha ma’lum deb faraz qilsak, u holdas faraz
ostida {(1),(8)} chegaraviy masalasining yechimini (-T,0) va (0,T) oraliglar
quyidagi korinishlarda qidirishimiz mumkin bo‘ladi:

Y(X)= A E, e AX) 7 () [+ A (X)TE, o AX) () +

FA(X)TE, s [AX) 5 (2014 A(X)TE, [ A(X) 57 (-X)1+
+i(2—x)alEa,a,(a_l),2 [ﬂ(z—x)a;y(Z—x)Jf(z)dz, xe(-T,0), (10)

y(x) = Axa_4Ea,a—3,(a—5)/2 [_ixa ; 7/X] + AZXa_SEa,OﬁZ,(a—S)/Z [_lxa ; 7/X] +

+AXE [-Ax“; yx]+ AXE [-AX"; yX] +

a,a-1,(a-3)/2

+T(x—z)“lana'(a_l),z[—/l(x—z)“;y(x—z)]f(z)dz, xe(0,T), (11)
bu yerda

a,a,(a-1)/2

I’1

aﬁ&[x y] ) an/2+€(y) (12)

" F( n+ A
Ma'lumki, a>0,8>0  bo‘lganda (12) tenglik bilan aniqlangan gqator
—00 < X, Yy <o sohada absolyut va tekis yaqinlashuvchi bo‘ladi [15].
Bundan tashqari (12) tenglik bilan aniqlangan funksiya uchun quyidagi

B po[%0]=E., (X).E.n[0:Y] =$J—g(y), E..;,[0.0] =ﬁ

tengliklar va quyidagi hosila hisoblash formulalari o'rinli:

d
o B [AXX = =AXTE [ =X X =y E [ 27X,
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d

dX{ ﬁlE /31/2|: —AX" ’7)(]} BZE /,3,2[ —AX” ,]/X:|ﬂ¢1

(14)
(11) tenglik bilan aniqlanuvchi y(x) funksiya (1) tenglamani Xe(O,T)
oraligdagi yechimi ekanligining isboti [16] ishda keltirilgan. Endi (1) tenglamani
€ (—T : O) bo’lgan hol uchun qaraymiz:
Shu maqsadda dastlab (1) tenglamaga 1;;"y(X) operatorni ta’sir ettiramiz,

so'ngra ushbu

(197 Dg* £)(x) = f (X)F(la)kzm;[:xzz +;L2jk x
x{—(x—b)“ Iz A(x- b]{g (;jzzmzlmklgm*z“f} +

t=b

+(1—06)(X—b)a72 j(afa)/z [l(X—b)]|:(§+l jm |bzm+2a,/1f(t)j|

tenglikni e’tiborga olib [11], quyidagiga ega bo‘lamiz:

t=0

a, a, _ Xa_l d d2 d—a,y
157D y(x) = y(X) + r@) J (@12 (7X) I|r[10 i [d— +y J | y(X) +

2

3(a_3)/2(7x) lim (d—2+ y } |37 y(X) +
x—>-0{ dx

a-2

X

+
I'a-1)

— d—2+ ] (x)IimiI4“"'7y(x)+
T(a)| d y (a-nr2(yX) 1M ax

1 d2 2 _2_ -

- +7% (X723 (@2 (px) lim 15,47 y(x
F(a—l)[dx2 Y j (a-vr2 (7X) 1M L7y (X).

(8) shartlarni e’tiborga olsak, oxirgi tenglik quyidagi ko'rinishni oladi:

y(x) = ALy () = 135" T (x) -

1 (d 1 (d? -
-A ( 2+7/j 23 (a2 (yX) - AZ—L Q/jx 3 (@2 (yX) —

(o —1) | dx [(e)\d
Xa—2 _ Xa—l —
—A Fa 1) J(a-3y2(yX) — A, (@) J @2 (yX). (15)
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2 2

d = d -
Dastlab (W + 7/2 j XO[_2 J (a-3)/2 (7/X) va (W + 7/2 ] Xa_lJ (a-1)12 (j/X)

ifodalarni soddalashtiraylik. 3%-3(;/x) Bessel-Klifford funksiyasini uning (7)

ifodasi bilan almashtirsak va kerakli hosilalarni hisoblasak, quyidagi natijaga ega

bo’lamiz:
K . d? & (_1)k(7//2)2k y2kra=2 . }//Z)Zk 2k+a-2
— 2T (a- = _
(dx +7j () =Gz 2, ((@-1)/2), Z;' (a 1)/2),

“(712)" (2k + @ — 2)(2k + @ = 3) x*+

_s ()
"% K((a-1)/2),

(_1)k (7// 2)2k y2k+a-2
= k((a-1)/ 2)k
(16) ning o'ng tomonidagi yig'indining birinchi hadi uchun quyida

F(a+n)=(a) I(a), (a), =2* @M""Tﬂj a7)

formulani ketma-ket qo‘llasak, quyidagi tenglik hosil bo‘ladi:
d? T

[_ﬁ 72)X“ ?J a2 (yX) =
dx

+

v

+y (16)

i ~1)(712)" (2k +a - 2)(2k + & = 3)['((a = 3) 1 2)((r = 3) 1 2) X+
= kKI((2k + e =3)/2)T (@ —3)/ 2+k)
- /2)2k 2k+a—2
+y? .
! kZ; ( (@=1)/2),
Bundan esa ba’zi hisoblashlardan so’ng, ushbu

A= [ T () = A= T (%)
2 TY (@-3)2() . (a_ 3) (a-5)2 (Y

+

T(a—1)| dx

natijaga ega bo'lamiz.
d? =
(W + 7/2]X“ "J@i2(yX) funksiya uchun ifodani ham yugqoridagi kabi

aniqlash mumkin. Topilgan natijalarni (15) tenglikka qo’yib, quyidagi ikkinchi tur
Volterra integral tenglamasiga ega bo‘lamiz:

y(x) = Alg y(x) =
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=lo/ T - A=~ ( “3) Jasyz(rX) = Ay ——— ( 2 (a2 (7X) -
a2 il _
-A m J(a-ap2(yX) — A, m J (@12 (7 X). (18)

(18) integral tenglama yechimini ketma-ket yaqinlashishlar usuli bilan topamiz
[14]. Nolinchi yaqginlashishni ushbu

a -4 a-3

(=157 100~ A — a—5)/z(}/X)—Azﬁj(as)/z(yx)—

a72 a-1

ol _
—A3 M(a—1) a3>/2(7X)—A4mJ(a1)/z(7X)

tenglik bilan, qolgan yaqinlashishlarni esa
Y (X) = Yo (X) + A1y, (X), me N

munosabat bilan aniqlaymiz.

127157 p(X) = 127127 p(X) = 1277p(X)  formuladan ~ foydalanib, Y, (X) ni
quyidagi ko'rinishini yozib olamiz [14]:

Yon (X) = Yo (%) + 2157 Yo (%) + 271557 Yo (%) + A7y (%) +...+ ATIGT Yo (%) (19)

(19) tenglikka Y,(X) ning ifodasini qo‘yib, m — oo da limitga o'tsak,

A T, o
F(a_?’)nZ:c;( )I X (@52 (¥ X)}

_ Az c an;/ a-377 _
S 2);( ) 1o X I a9z (X))}

y(x) =

E\‘PE\
I

‘ﬁi( 1L T (70}
- n:O

_i N 0‘”7 a1y an+a7/
- (a)nzz;‘( ) 17X M 1)/2(;/x)}+z f(x) (20)

tenglik kelib chiqadi.
(20)  tenglikni  soddalashtirish ~ magsadida  1%7{X**J (asy2(¥X)},

Lo 7{x“ 3J @-232(yX)}, 1 {x* ZJ @-a2(yX)}, Lo {x“ 1J @2(yX)} va L 7 f(X)
integrallarni qaraymiz.

I {X(Hj «-s)2(yX)} uchun (6) ga ko'ra, ushbu tenglik o’rinli:
Lo X I asy2 (rX)} =
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0 J— J—
[ @ =" 3 ey (2 = X)W (w52 (r2) . (21)

(21) dagi jv(x) funksiyalarni wularning (7) ifodasi bilan almashtirsak,
quyidagiga ega bo'lamiz:
i(an-l /z[y(z =) (w512l (2)] =

) /2) ( X)zm . (_1)k( /2)2k /2K
Z ( an+l)/2) mz=o k!((ay_B)IZ)k |

m=0

Bu yerdan yaqinlashuvchi qatorlarni ko"paytirishning Koshi qoidasini qo‘llab,
quyidagi natijaga kelamiz:
j(an—l /2[]/(2 — X)]j (a5 /2[]/(2)] =
2k 2m-2k 2m-2k
i (r/2)" (2=)" ()" (/)" ()" _
= ( an+1)/2)  (m-k)Y(«-3)/2)
72m-2k (Z _ X)Zk

(=" (r/ 2)2m 2 ki(m-k)((an+1)/ 2)k ((e-3)/ 2)m—k |

k=0

I
MS

Il
o

m

I
s

I
o

m

Olingan natijani (21) tenglikka qoyib, integral va yig'indining tartibini

o'zgartirsak,
)" (12
Ian}’{xa 4\](&5/2(7/)()} Z Ein)) «
3 1 [ 2ma-2k-s an+2k-1
m+a _ d . 22
sz_;‘k!(m—k)!((an+1)/2)k((a_1)/2)m_k.[Z (z2=x) z. (22)

Ichki integralda integrallash o‘zgaruvchisini Z=-XS+X formula bo‘yicha

almashtirish bajarib, ba’zi hisoblashlardan so’ng, quyidagi natijaga ega bo'lamiz:

0
—2k— 2k-1
J‘Zme 2k 4(Z—X)an+ dz =

X

=(=1)" x“"?meT(2m - 2k + a — 3 (an+2K) /T (an+2m+a - 3).
Hosil bo’lgan natijani (22) ga qo’yib va (17) formulalarni ketma-ket qo‘llasak,

ushbu tenglik hosil bo‘ladi:
G I @z ()} =

= ()" (7 12)" x 242 (an)y (@=3),1, 5,
ki(m

L v am a3y &kim-Ki((an+172), (@072,

m=0
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F a . i m+an( /Z)Zm 02m y an+2m+a—4 i(an / 2)k ((a — 2)/ 2)m—k
B oard ['(an+2m+a -3) o ki(m-k)! |

i(5)k(7)m_k _(3+7),

S ki(m-k) m!
formulani e’tiborga olsak, oxirgi tenglik ushbu ko’rinishni oladi:

Ian}/{xa 4Ja5/2(]/X)} r(a 1)?(_1) 7/m((an+a_2)/2)m.

o mIC(an+2m+a —3)

(23)

Bu yerdan F(an +2Mm+«a —3) uchun (17) formulalarni qo‘llab, oxirgi ifodani

ushbu ko'rinishga keltiramiz:

l)an w / 2) an+2m+a—4
17X -
{x o2 (YX)} = I'(an+a-3) mzzo m(“n+“ 3)/2),

Oxirgidan (7) tenglikka asosan ushbu

) . o Xan+a—41—~ a _3 _
I a 7{X -4 J (a-5)/2 (]/X)} ( ) F(an +(C¥ - 3)) J ((an+a-5)/2) (7)() (24)

natijaga ega bo'lamiz.

Yuqoridagiga o'xshash amallar bajarib, ushbu

N . o Xan+a731—‘ o — 2 _
| a 7{X 3J (a-3)/2 (}/X)} ( ) r(an +(a ~ 2)) J ((an+a-3)/2) (]/X) , (25)

o Xan+a—2r(a _ 1) -
J an+a— ’ 2
Man+a-1) (anra-3y2) (7X),  (26)

i Xan+a—lr(a) .
—] an+a—
F(an N 0[) (( 1)/2) (}/X) (27)

tengliklar o'rinli ekanligini ko'rsatish mumkin.
(24), (25), (26) va (27) larni (20) tenglikka qo’yib va (6) operatorning
yoyilmasini e’tiborga olib, (10) formulaga ega bo’lamiz.

| 7 fxe 2Ja3/2(7/x)} ( )

Iany{xaljal/z(ﬂ/x)} ( )

Endi (10) formula bilan aniqglangan y(x) funksiyani (1) tenglamani va (9)

shartni qanoatlantirishini ko’rsatamiz. Shu maqsadda uni ushbu

y(X)= Y2 (X) + Y2 (%) + y3(X) + ¥, () + Y5 (X)

ko’rinishida yozib olamiz, bu yerda
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yl (X) = (_1)a+1 A-Xa74Ea,a—3,(a—5)/2 ':_/’LXU‘ ’ 7)(:"
y2 (X) = (_1)a+l AZXa_SEa,a—Z,(a—3)/2 I:_ﬂxa ’ }/X:| ’
Ys (X) = (_1)a+1 A3Xa_2Ea,a—1,(a—3)/2 [_/’LXO! ; 7X]’
y4 (X) = (_1)a+1 A4X“71Ea,a,(a—l)/2 [_/'lxa , 7X]’
0
Vs ()= [(2=X)"E oo A(2=X)"37(2=%) | T (2)z.

4) formulani €’tiborga olib, dastlab 157y, (x) ni hisoblaymiz:
& x0 Y1 y

) F(4l—a)'ci (2=%)" I [ 7(2-X) ]ys(2)dz =

0
Ai 0{ I(Z - X)sw ZaiA‘]((s—a)/z) [7(2 - X)] Ea,a—3,((a—5)/2) [_ﬁ“za ; 72] dz =

N 1 O —a _on+a-47q -
Z an_,_i 3) (4_a)I(Z—X)3 C *J a2 I:V(Z_X)]J((anm—s)/z))(yz)dz.
o L

<

Quyidagi belgilashni kiritaylik:
G(a,ny;x)=
B 1

F(an +a —3)F(4— a)

X ey O

(z— X)S_a 2™ J (aay2 [7/(2 = X)]j(an+a—5)/2 (yz)dz. (28)

U holda oxirgi tenglik quyidagicha yoziladi:
15y (%) = (1) A (1) G(a,n,y;x). (29)
n=0

Endi  G(a,n,7;X) funksiyani soddalashtiraylik. Shu magsadda J.(X)

funksiyani uning (7) ifodasi bilan almashtirib, qatorlarni ko’paytirishning Koshi
qoidasini qo‘llab, quyidagini hosil qilamiz:

Jaye 7(2=%) I ania-sp2(72) =

o m 2k _ 2m-2k
Z yIZZmZk' 2*(z2-x)

= Ski(m-k)((5-a)/2) ((an+a-3)/2)
Oxirgini e’tiborga olib, (29) dan quyidagini hosil gilamiz:
G (a n,7; X) =

i —~ (7//2 Zm(;w G, (a,n,m,k;x)

=T(an+a-3)I( )((5 a)/2) k((an+a—3)/2)k’

729



AMERICAN JOURNAL OF EDUCATION AND LEARNING
ISSN: 2996-5128 (online) | ResearchBib (IF) = 9.918 IMPACT FACTOR

Volume-2| Issue-5| 2024 Published: |30-12-2024 |

bu yerda
0
G, (a,n,m,k;x)= J.z“”“’”k“‘(Z - x)3+2m_2k_a dz.
Ko'rsatish qiyin emaski, Gl(a, n,m,k: X)funksiya uchun ushbu tenglik o'rinli:
G, mk;x) = (_1)3_0, anszm r(2m-2k+4—-a)I'(an+a+ 2k —3).
[(an+2m+1)

Bu natijani (29) ga qo'yib, T'(an+a+2k-3) va I'(2m-2k+4-a) lar
uchun (17) formulani ketma-ket qo’llasak , quyidagi natijaga ega bo’lamiz:

G (a n,y; X) =
i 2T (4-a),, 5 (a0 +a=3), _

= T(an+2m+1)  SZk(m-k)((an+a-3)/2) ((5-a)/2)

i m+3fa }/ZmXZeran i((df_a)/z)m—k ((Otn+a—2)/2)k
= T(an+2m+1) ki(m—k)!

Agar (23) tenglikni hisobga olsak, H (a,n,y;x) funksiya quyidagi ko'rinishni
oladi:

" _1)m+3—a 7/2m ((0{” + OC) / 2)k X2m+an
(., 73%) Z mIC (an+2m+1) '
G (05, n,y; X) funksiyaning (30) ifodasini (29) qo’yib, ushbu
=2)'(-1)" " ((an+a)2) x*me
|47a,;/ — m
o ¥(X) A%% mIT(an+2m+1)

(30)

tenglikni hosil gilamiz.

F(an +2m +1) uchun (17) formulalarni ketma-ket qo’llab, va (10) ni e’tiborga
olgan holda, ushbu

o™ % (X)= AE . o[ -AX"7x]  (31)

natijaga ega bo'lamiz.

Yuqoridagi kabi ushbu

o™ Y, (X) =AXE, 212 [_ﬂvxa : 7/X]7 (32)

o™ Y (X) = A3X2Ea,3,1/2 [_AXQU/X:" (33)

o™ Vs (x)= AXE, a2 [_ﬂxa , ;/X], (34)

L7y (X) =.[(z—x)3 = [ﬁ(z—x)“ ;y(z—x)} f(z)dz (35)

X

tengliklarning o'rinli ekanligi ham ko’rsatish mumkin.

730



U S A @ AMERICAN JOURNAL OF EDUCATION AND LEARNING
ISSN: 2996-5128 (online) | ResearchBib (IF) = 9.918 IMPACT FACTOR

Volume-2| Issue-5| 2024 Published: |30-12-2024 |

SCIENTIFIC JOURNALS

(31), (32), (33), (34), (35) tengliklarni e’tiborga olib, I,*"y(x)
funksiya uchun ushbu ifodani hosil qilamiz:

Ifg“‘yy(x) =AE,. 1» [—/lx”;yx]+ AXE, ;. [—ﬂx“;yx}+ AXE, 50, [—ﬂ.x“;yx]+

+AXE, | —AX” ,7x]+f (z-x) °E ’4’3,2[A(z—x)“;y(z—x)}f(z)dz. (36)

[-
Da N4 d ? 4 ay o e e
y(x)= | y(X)  ekanligini va (13), (14) hamda

X2

tengliklarni e’tiborga olib, ushbu

:rw)

2 2
a d2 a
A&(T"'?/Zj Ea,l,—l/ZI:_ﬂ“X ;7x]+ Az[@"'?/zj XEa,2,1/2|:_lX ;7Xi|+

2 2

2 2
d » d »
+A3[d?+72j x2Ea,3,1,2[—/1X ;;/x]+ AA[FWZ] )(3|5a’4'3,2 [—/Ix ;yx]+

d2 ?0 3 a
J{d ~+y j I(z—x) Ea’4‘3,2[/1(z—x) ;y(z—x)}f(z)dz
tenglikni hosil gilamiz. Oxirgi tenglikka (13) va (14) formulalarni ketma-ket

qo'llab, ( s+ anvl’ﬂz [—}tx“;yx] ni quyidagi ko‘rinishda yozishimiz mumkin:

2

2

Endi (12) va (7) tengliklarga asosan [%WZJX“‘ZEMWLW%)/Z[—Ax“;;fx}

funksiyani quyidagi ko’rinishda yozib olamiz:

d? .
(W”ij “E sy | ~AX 7%=

- d_z , o ( o 7//2)2”‘ 2m+an+a—2
_[dXZJr}/ )Zf(an+a lz (om+a l)/2) '

Oxirgi tenglikning o'ng tarafini hadma-had ko'paytirib, kerakli hosilani

hisoblaymiz va ((om +a —1) / Z)m ifoda uchun (17) formulani qo’llab, uni quyidagi

ko‘rinishga keltiramiz:
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42 N
(sz}( "B os(aaye A 7X] =

g LA 5 12

F an+a — 3)m om'((an+a—3)/2)m'

U holda (12) tenglikka asosan, ushbu

d2 ’ —a a— @
(d 2 +7/ ] I:O '7y1(X)=/1A51X 4Ea,a—3,(a—5)/2 I:_/lx ’}/X] (37)

natija kelib chiqadi.

2

2
Yuqoridagi kabi hisoblashlar bilan L% + }/ZJ l5“"y(X) tenglikning boshqa
X

hadlarini ham soddalashtirish mumkin. Shunday qilib, (36) va (37) tengliklardan
shunday natijaga kelamiz:

2

2
a d v
on'yy(x) = (W + 7/2] Ifo '7y(x) = +1A&x“‘4Eava_3y(a_5),2 [—/Ix“ ; 7x] +
+ﬂbAzx“’3EMfz’(H),2 [—lx“ . }/X] +
+/1A3Xa_2Ea,afl,(a73) LEAXE yX]+ AA4X“‘1Ea’a’(H) LEAXE yX] -
0
X)+ /’L.[(z —x)*" E . oia 1 [ﬂ,(z -x)" 17 (z- x)} f(z)dz. (38)

Topilgan (38) hamda (10) tengliklarni taqqoslab, (10) formula bilan aniqlangan
y(x) funksiya (1) tenglamani (—T;O) oraliqda ganoatlantiradi degan xulosaga

kelamiz.
Endi (10), (11) yechimlarni (8) shartga bo’ysundiramiz, natijada B,,B,,B;,B,

larga nisbatan ushbu

B, =AE,; 1 [_/Iaa : 7a:| +AaE, ., [_ﬂaa : Va] +ARE, 5y [_ﬂaa : 7a] +
+A4<313E0!,4’3,2 /1a Jya +j E, 45 [—/’L(a -2)"y(a- z)}

0
B,=AE,, 1, [ﬂ(—a) ;—ya} + A (-a)E, ., [ﬂ(—a)“ ;—ya} +AA°E 5., [Z(—a)“ ;—7&} +

0

+A,(-a)’E, 4 [A(—a)“ ;—7a} + _J;l(z ~a)E, . [ﬂ,(z —a)";y(z- a)},

= _Aiaa_llEa,a,(a_l)/z [_laa : Va} ~7*AE, 21, [_laa ) 73} +AE, 1 [_laa ; 73} +
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- (—1)m(;//2)2m azm(2m+an+2) ) ,
Z Aa’E -Aa%;
o L(an+3) i ml(an+3/2)_ A8 “’3'1’2[ a ya}+

-1

lEa,a,(a—l)/Z [ﬂ“(_a)a ;—7&} - 72A1Ea,2,1/2 p‘(_a)a ;_7/3] +

( - )i )" (712)" a*" (2m+an +2)
[(an+3) ml(an+3/2)_

+A2Ea,l,—1/2|:/1(_a _7/a} Aa Z

+AA’E 51 [ﬂ(—a)“ ;—7&] + i(z ~a)’E, [z(z -a)"y(z- a)}

tenglamalar sistemasini hosil qilamiz. Bu sistemaning yechimi mavjud va
yagona bo‘lishi uchun uning asosiy determinanti noldan farqli bo‘lishi kerak.
Uning asosiy determinantini A orqali belgilaylik.

Quyidagi teorema o’rinli:

1-teorema. Agar A=0 bo'lib, f(x)=x"f(x), f(x)eC[-T,T], 0<p<1l
bo’lsa, u holda {(1),(8)} masala yagona yechimga ega bo’ladi.

Isbot. A#0 bo‘lsin. U holda yuqoridagi tenglamalar sitemasidan B, B,,B;,B,
noma’lumlar bir giymatli aniqlanadi. Ularning topilgan qiymatlarini (10), (11)
yechimlarga qo’yib, {(1),(8)} masalaning yechimiga ega bo’lamiz.
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